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We reanalyze the constraints in neutrino masses and MNS lepton mixing parameters
using the new data from the terrestrial (KamLAND) and astrophysical (WMAP) ob-
servations together with the HEIDELBERG-MOSCOW double beta decay experiment.
It leads us to the almost degenerate or inverse hierarchy neutrino mass scenario. We
discuss the possibility of getting the bound for the Majorana CP violating phase.
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Recently the two important experimental results on neutrino physics have been suc-
cessively released. One comes from the KamLAND 1 and the other does from the
WMAP 2. In this letter, by using these values together with Heiderberg-Moscow
result 3, we constrain one of the two Majorana phases in the framework of our
treatment 4. The other Majorana phase cannot be restricted because of the small-
ness of Ue3. We use the following experimental values.
(1) Heiderberg-Moscow result on the averaged neutrino mass 3
〈mν〉 = 0.39 [eV] (best fit)
= 0.11 − 0.56 [eV] (95%CL). (1)
1
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(2) WMAP result on the neutrino masses 2
3∑
i=1
mi < 0.70 [eV] (95%CL). (2)
(3) Solar neutrino & KamLAND (l-LMA solution) 5
sin2 2θ12 = 0.82 (best fit),
= 0.70 − 0.96 (95%CL). (3)
(4) CHOOZ 6
sin2 θ13 < 0.03 (90%CL). (4)
The differences of the squared masses ∆m2ij ≡ |m
2
j − m
2
i | measured by neutrino
oscillation experiments are not sensitive to our phase analysis. Therefore we only
use these best fit values 5 7.
∆m212 = 7.32× 10
−5 [eV]
2
(l-LMA),
and ∆m223 = 2.5× 10
−3 [eV]
2
(Atmospheric ν exp.) (5)
Moreover, we estimate very roughly the errors of 〈mν〉
2,
∑3
i=1 mi, sin
2 2θ12 and
suppose the experimental data are distributed as a normal (Gaussian) distribution
around the best fit. (1σ = 68.3 % CL, 1.45σ = 85.0 % CL, 1.65σ = 90.0 % CL,
1.96σ = 95.0 % CL) Namely, we use the following values.
〈mν〉
2 = 0.392 ± (0.392 − 0.112)×
1.65
1.96
= 0.15± 0.12 (90%CL), (6)
3∑
i=1
mi < 0.00− (0.00− 0.70)×
1.65
1.96
= 0.59 (90%CL), (7)
3∑
i=1
mi < 0.00− (0.00− 0.70)×
1.45
1.96
= 0.52 (85%CL). (8)
sin2 2θ12 = 0.82± (0.82− 0.70)×
1.65
1.96
= 0.82± 0.11 (90%CL). (9)
The assumptions of normal distribution in 〈mν〉
2,
∑3
i=1 mi and sin
2 2θ12 are con-
sidered to be not so bad from Table 2 in the paper of Klapdor-Kleingrothaus et al.
3, Fig.1 of Hannestad 8 and Fig.4 of Holand-Smirnov 5,
Maki-Nakagawa-Sakata (MNS) mixing matrix U takes the following form in the
standard representation:
U =

 c1c3 s1c3e
iβ s3e
i(ρ−φ)
(−s1c2 − c1s2s3e
iφ)e−iβ c1c2 − s1s2s3e
iφ s2c3e
i(ρ−β)
(s1s2 − c1c2s3e
iφ)e−iρ (−c1s2 − s1c2s3e
iφ)e−i(ρ−β) c2c3

 . (10)
Here cj = cos θj , sj = sin θj (θ1 = θ12, θ2 = θ23, θ3 = θ31)
9. Note that, for
Majorana particles, there appear three CP violating phases, the Dirac phase φ and
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the Majorana phases β , ρ. Irrespectively of the CP violating phases we have the
inequality 4 on the averaged mass,
〈mν〉 ≡ |
3∑
j=1
U2ejmj| (11)
< |Ue1|
2m1 + |Ue2|
2
√
m21 +∆m
2
12 + |Ue3|
2
√
m21 +∆m
2
12 +∆m
2
23. (12)
Here we have used the constraint from the oscillation experiments of CHOOZ6
and SuperKamiokande10. It is apparent from Eqs.(1), (2), and (3) that the normal
hierarchy, m1 <∼ m2 ≪ m3, is forbidden. We know that the inverse hierarchy is
disfavored by the observation of Supernova 1987A 11 and by the realistic GUT
model 12. However we have no way of distinguishing between the almost degener-
ate and inverse hierarchy neutrino mass scenarios based on Eq.(1) at this stage, be-
cause |Ue1|
2m1+|Ue2|
2
√
m21 +∆m
2
12 ≫|Ue3|
2
√
m21 +∆m
2
12 +∆m
2
23. Keeping these
in mind, we adopt that the neutrino masses are almost degenerate and
〈mν〉 ≃ m||Ue1|
2 + |Ue2|
2e2iβ |, (13)
with m ≡ m1 ≃ m2. Since Eq.(4), sin
2 2θ12 becomes 4|Ue2|
2(1−|Ue2|
2) and Eq.(13)
is rewritten as
sin2 β =
1
sin2 2θ12
(
1−
〈mν〉
2
m2
)
. (14)
Eq.(14) gives
sin2 β ≤
1
(sin2 2θ12)
(
1−
〈mν〉
2
m2
max
)
. (15)
Here we have denoted the experimental upper limits of m obtained from Eq.(2) as
mmax. Let us superimpose the constraints of the other experimental bounds of Eqs.
(1) and (3) on this inequality in Fig.1. When 1-dimensional restriction is translated
into 2-dimensional one, the following region approximately coincide with 85% C.L.
χ2(sin2 2θ12, 〈mν〉
2) ≡
(
sin2 2θ12 − 0.82
0.70− 0.82
)2
+
(
〈mν〉
2 − 0.392
0.112 − 0.392
)2
< 1, (16)
because we assume these values are distributed as a normal (Gaussian) distribution.
In another respect, Eq.(14) gives the upper limit of sin2 β as
sin2 β ≤
1
(sin2 2θ12)min
(
1−
〈mν〉min
2
m2
)
. (17)
in the confined region χ((sin2 2θ12)min, 〈mν〉
2
min
) < 1. Then we obtain the allowed
region in the sin2 β −m plane in Fig.2. By combining this with the WMAP exper-
iments, we have the meaningful constraint on the Majorana phase β with <∼ 85%
C.L. for LMA-MSW solution. Namely, we have
sin2 β <∼ 0.71 (18)
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at 85 %C.L. And we obtain the lower limits of neutrino mass.
We must consider the factor of uncertainty in the nuclear matrix elements as
well. This uncertainty enlarges the range of 〈mν〉 to,
3
〈mν〉 = (0.05− 0.84) eV, (95% C.L.) (19)
χ2(sin2 2θ12, 〈mν〉
2) ≡
(
sin2 2θ12 − 0.82
0.70− 0.82
)2
+
(
〈mν〉
2 − (0.052 + 0.842)/2
0.052 − (0.052 + 0.842)/2
)2
< 1. (85% C.L.) (20)
In this case, sin2 β is not restricted as shown by Fig.1 and Fig.2. Therefore, the
reliability of the HEIDELBERG-MOSCOW (ββ)0ν experimental results must be
checked more precisely by other near future (ββ)0ν experiments, which may enable
us to understand one (β) of two Majorana phases more definitely. However, it will
be difficult to measure another phase (ρ). Finally, we must note the near future
3H beta decay experiments, KATRIN13. After three years of measuring time, this
upper limit will be improved to
m <∼ 0.35[eV] (90%CL). (21)
It will be very useful to get more detailed information about the Majorana phases
and to check the mutual consistencies among many parameters 14.
We are grateful to express our sincere thanks to O. Yasuda for the useful com-
ments on error analysis. This work of K.M. was supported by the JSPS Research
Fellowships for Young Scientists, No. 3700.
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Fig. 1. The possible upper bounds for sin2 β on the sin2 2θ12 − 〈mν 〉 plane. Lines (a) and (b)
show the cases where the uncertainty of the nuclear matrix elements is neglected and considered,
respectively. These contour lines of χ2 indicate 85% C.L. from Eqs.(1) and (2).
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Fig. 2. The allowed region in the m− sin2 β plane. (a) and (b) regions show the cases where the
uncertainty of the nuclear matrix elements is neglected and considered, respectively. Thus sin2 β
has the upper limit with 85%C.L. if we do not consider the uncertainty.
